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ABSTRACT

In a previous paper ("A Multivariate Exponential Distribution,"
Boeing Scientific Research Taboratories Document D1-82-0505) the authors
have derived a multivariate exponential distribution from points of
view designed to indicate the applicability of the distribution. Two
of these derivstions are based on ''shock models" and one is based on

the requirement that residual life is independent of age.

The practical importance of the univariate exponential distribution
is partially due to the fact that it governs waiting times in a Poisson
process. In this paper, the distribution of joint waiting times in a
bivariate Poisson process is investigated. There are several ways to
define "joint waiting time." Some of these Jead to the bivariate
exponential distribution previously obtained by the authors, but others
lead to a generalization of it. This generalized bivariate exponential
distribution is also derived from shock models. The moment generating

function and other properties of the distribution are investigated.



1, Introduction.

It is common in applications to encounter random vectors with
elements that are clearly dependent. In such cases, the marginal
distributions are often known, but these alone do not determine the
joint distribution; to the contrary, it is well known that the joint
distribution can take many different forms. However, it may be that
the joint distribution can be obtained through a study of the
mechanism causing dependence. In the case of exponential marginals,
we have in a previous paper (Marshall and Olkin, 1966) presented such

derivations of the bivariate distribution given by

-Ajx=Ay=Ajmax(x,y)

(1.1) P{X >z, Y >y} =F(zy) =e , for z,y 2 0.

If X and Y are life lengths of devices subjected to shocks, this
distribution arises when the occurrence of shocks is governed by one
or more Poisson processes. In addition, (1.1) is the unique bivariate
distribution (with exponential marginals) which satisfies the require-
ment that residual life given survival to a common age ¢ has a dis-

tribution independent of ¢,

The viewpoint of this paper is suggested by the fact that the
univariate exponential distribution governs waiting times in a Poisson
process. More precisely, if {Z(t), t 2 0} is a Poisson process
with parameter ) and 8 is a fixed point, then the waiting time X

from s to the next event (jump) of the process has an exponential



distribution with parameter A. Likewise, if & 1is replaced by a
random variable S, the occurrence time of the ith event, then the
waiting time X from S to the i+18t event is again exponentially
distributed with parameter A. More generally, S can be any stop-
ping time, i.e., any non-negative random variable for which one can
check whether S <8 by observing X(t) only for ¢t <sg. To
avoid ambiguities and problems of separability, we assume throughout
this paper that sample functions of Poisson processes are right con-

tinuous with probability one.

Following Dwass and Teicher (1957), we define (in§2.1) a bivariate
Poisson process {Z(t) = (2:(t),Z,(t)), t 2 0} where Z;(t) and
Z,(t) are correlated Poisson processes. There are several ways to

define a '"joint waiting time" for this process:
g %

() We may choose a fixed time s, and consider the
waiting time X to the next event in the 2, process
together with the time Y to the next event in the

Z, process.

(#2) In place of a fixed time s as in (), we may gin

waiting at a random time S that is a stopping time.

(727) We may consider the w~aiting time X from a fixed point
8 to ae next event in the 2, process together with
the waiting time Y from the fixed point s8+§ to

the next event in the 7, process. Alternatively, it



may be that replaced by a stopping time.

(Zv) F . cation is obtained if in (Z7%), both

8 and s+d are stopping times.

It is not difficult to show that in cases (i) and (ZZ), the joint
distribution of X and Y 1is given by (1.1). On the other hand,

(i27) leads to the generalization

(1.2) P{X > & ¥ = y} S f(a:,y;d) =

[e-)\lx-)‘zy-)\12max[x,y+min(x,6)]’ §>0

e~ 1&=Roy-Aomaxlx,ytmin(,=8)] o < ¢ “y = 0.

The parameter § might be called a '"shift" parameter, though it is
not simply a location parameter. Of course when &6 = 0, (1.2)

reduces to (1.1).

Case (7Zv) above results in a still more general family of dis-
tributions. These can be obtained from (1.2) by first conditioning

on 8§, so that the result is a mixture of such distributions:
(1.3) Plx >z, Y >y} = /ﬁ F(x,y;6)dG(6) .

Because of this representation, we confine ourselves in this paper

almost exclusively to a discussion of the distribution given by (1.2).

In addition to governing the waiting times in the bivariate
Poisson process, (1.2) can be derived from shock models (§2.3).

These derivations shed light on the applicability of (1.2), particularly



in reliability problems.

For convenience, we say that X and Y are bivariate exponential,
BVE(X;,A2,212368), 1if (1.2) holds, and refer to the distribution of
(1.2) as the BVE(A;,Ap,%;238) distribution. When 6 1is the only
significant parameter, it is convenient to abbreviate BVE(A;,A,X]5;6)
by writing BVE(S). We refer to F(x,y;8) = P{X >z, y > y] as the
survival probability; this has a much simpler form than the distribution

function F(x,y;8) = P{Xx <z, Y £ y}.

The survival probability 'f(x,y;é) is clearly decreasing in
§ 20 and increasing in & X 0. Since ?kx,y;d) has margiaal survival

probabilities

P{x > z} = F(x,0;8) = e~ (M1tA12)x

P{Y > y} = ?(O,y;é) = e-()‘Z'HlZ)y

that are independent of 6§,
F(a,y38,) - F(x,y;6,) = F(a,y38)) - F(x,y382).

Thus, F(x,y;8) 1is also decreasing (increasing) in & 20 (8 2 0).
If Fkx,y;é) is the survival probability of a pair of items, it

follows that the probability both items survive and the probability
neither item survives both reach a maximum when & = Q (the case of

(1.1)), and a minimum when 6 = = (the case of independence).

Various properties of the distribution F(x,y;8) are discussed

in §3, generalizations are obtained in §4, and a brief discussion of



the multivariate case is given in §5,

2 Derivations.

2.1. The bivariate Poisson process.

The univariate Poisson distribution can, of course, be obtained
as a limit from the binomial distribution, which in turn arises via
convolutions from the Bernoulli distribution. This derivation can
be repeated in the bivariate case to obtain a bivariate Poisson dis-
tribution, because there is a unique bivariate distribution with
Bernoullil marginals. That distribution places mass only at (0,0),
(0,1), (1,0) and (1,1). By convolving this distribution and taking

limits, Teicher (1954) obtained the bivariate Poisson distribution

mirg:x,y) Ope0) *Ope 1) F % Op10)Y ™"

&6 al (x=a) ! (y=-a)!

Earlier, this distribution was obtained by McKendrick (1926), who
obtained (2.1) as the solution to a difference-differential equation.
Starting with the bivariate Bernoulli distribution, Campbell (1934) obtained

(2.1) via generating functions.

Dwass and Teicher (1957) have shown that this distribution is the
only bivariate distribution with Poisson marginals that is infinitely
divisible. Now if {Z,(¢), t 20} and {2,(t), t 2 0} are Poisson
processes and if {(Z;(t), Z,(t)), t 2 0} has stationary and independent
increments, then the increments must have an infinitely divisible dis-
tribution, hence the distribution given by (2.1). Because of this

uniqueness, we call the process the bivariate Poisson process.



Dwass and Teicher have derived the bivariate Poisson process
{(Zl(t), Z,(t)), t 2 0} directly from a one-dimensional Poisson process
{2%(t), t 20} as follows: If Zz*(t) jumps at time T, then
Z(t) = (2,(t), Z2,(t)) jumps at 1t from 2(t~-) to 2Z(t=) + (Z,J) where
P{(2,d) = (0,00} = p1y, P{(4,9) = (0.1} = p1os P{(,d) = (1,00} = poy,
and P{(i,j) = (1,1)] = Poo. The increments (Z,j) at each jump are

independent and {2*(t), t 2 0} has parameter A, so that

- k-z-y+
min(x’y) oo e-)\t(kt)k k!pooap()lx-aploy Qpll yra

o k=Siy-a k! al(z-a) ! (y-a) ! (k-x-y+a) !

P{Z)(t) = x,2,(t) = y} =

a x=-a y-o
e'*t(Poo+P10+po1)m)'—Ex’y)(Atpoo) (Atpy )™ ~(Atp, )

= a!(x~-a)!(y=-a)!

Directly from the model, it is easily seen that

=\t (pootpo1)
P{z)(t) = x} = 2 = [At(pogtpo1) ).

In their derivation, Dwass and Teicher take 1280 0, but this

results in no loss of generality.

One can also obtain the bivariate Poisson process from three inde-
pendent one-dimensional Poisson processes {Zf(t), t >0}, {Zg(t), t 20}
and {Z?z(t), t > 0} with respective parameters \;, A, and Ai2. In
fact, {(Z?(t) + 2%,(t), Z§(t) + Zfz(t)), t 20} 4s a bivariate Poisson

process. This observation is utilized in §2,3.

2.2. The joint waiting time.

Choose 8, and g;, and consider the time X from 8, to



the next event in the process {Z,(¢), t 2 0} together with the time
Y from e, to the next event in the process {Z,(¢), t 2 0}. To
find the joint survival probability P{X > x, ¥ > y}, it is convenient
to assume first that § = g; -8; 2 0. Let t; -8; =x and

t; -8 =y. The three cases (i) z £ 6§, (i2) § Sx Sy + 6,

and (¢77) y + 6§ £ x (indicated in Figure 1) must be treated separately.

Y
6 Sxly+é
z' S8
y+d sz
@
§
0
Fig. 1
Case (1): x 26 (g) < t) S8y S ty).
PlX >z, ¥ >y} =
Z
[A(tl-sl)] . [A(tz‘Sz)] .
A (tq- , 1 =A(ty-8 p
=2e (t1-e1) 1 (P11tp10) e (t2-62) 71 (P11#p01)’

1y

= o~ MPootPo1)2-A(PootP10)Y



Case (12): 6 Sx Sy + 6 (8) S8y <t S ty).

[A(Bz-sl)]i s
-A(85-
Plx>z voybe S MO0 g %

1yd,k

_ [X(tl-SZ)]j . [A(tz-tl)]k
At~ - o
‘e ( 1 82) J'! P.{le A(tp_ tl) k1 (pll"'p01)k

= e AP008-2P012=A(poo+p10)Y

Case (it2): y + 6 Zx (8] S 83 Sty S ty).

7
e_)\(sz_sl)[A(Bz-Sl)]

P{X >z, ¥ > y} - z ! (p11+p10)z°
TyJ sk
_A(tz_sz)“(tZ'sz)]J J' -A(tl-tz) [A(tl-tz)]k k

- e‘*(Poo"’Pm)x"\Pmy.

Letting X; = Apgys A2 = Apjgs and Xjp ™ Appps we obtain from these
three cases the survival probability for 6§ 2 0. If 6 £ 0, the
result is then obtained by interchanging A; and X1;, z and y,

§ and =-6. Together, this yields

[ e iE-doy-Apa(why) § < -y
e M1Thay=Ap2 (2-8) -y £ 6 < min(a-y,0)

(2.2) Plx>a, ¥>yb= q oMMy M2V pin(zey,0) <6 <0
e"h-"«“xzy‘)‘lzx’ 0 56 5 max(x~y,0)

e'Alx"‘zy"‘lz(y"'d), max(x-y,0) < 6§ Z x

e~ M1%-hay-A1p(@hy) 5§ 2 x,

which can be rewritten as (1.2).



- A g n mrm—

2.3, A shock model derivation.

We have previously us both fatal and non-fatal shock models
to derive the BVE(A;,A7,1)53;0) (Marshall & Olkin, 1966). Such models
can be modified to yield the BVE(A;,X;,A};53;68) for any &; only the

fatal shock case is considered here.

Suppose that a device is placed in an environmént where it is
subject to fatal shocks from two sources, governed by Poisson processes
2)(t), Z12(t) with parameters A;, A;5. After a time 6§, a second
device is placed in a similar environment where fatal shocks are
governed by the processes Z;(t), 2;,(t) with parameters X, Ajj.

Suppose, in addition, that the three processes are independent.

Let X (Y) be the age, or length of service, of the first (second)
device at the time of death. To obtain the joint survival probability
P{X >z, ¥ > y}, we again consider the cases represented by the three

regions in Figure 1.

Case (2): x < 6.

Case (Z2): &6 xS y + 6.

Plx >z, Y > y} = o~ M18-A2y=2 5 (y+8)

Case (i11): y + 6 £ z.

P{x >z, ¥ >y} = e-Alxhkzy_Alzx.

Thus (X,Y) has the joint distribution given by (1.2).
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3. Properties of the distribution F(x,y;6).

3ads The distribution function.

The BVE distribution (6=0) has both an absolutely continuous
and a singular part, with positive mass on the line x = y. From
the shock model of §2.3, we see that if (X,Y) is BVE(§), then in
case an event in the process 2;5(t) causes both devices to fail,
X=Y+ 6,  Thus the BVE(S§) distribution has a singular part, with

positive mass on the line x =y + §.

Theorem 3.1. 1f F(x,y) 1is BVE(A},X2,X;2368), 6§ 20, and

A=Ay + Ay + Ay, then

F(z,y) = aF (z.y) + aF (),

where
A2 _ e
a=1 - T e (A1+A12)6’ a=1- a,
- = X A2 .
aFa(x,y) s Ajx=Aay=-A)pmax[x,y+min(x,8)] _ - eAZG Amax(x,y+5)

is absolutely continuous, and

F;(x,y) - e-A[max(x,y+6)-6]

is a singular distribution.

Proof. Let 6) = X; + Xj2s 62 = X + Aj5. Since

;
e-elu- ezv' )

S %
-F-(u,v) _— e-klu'ezv')\lzé’ §<u<s+v
S bacid §+v < u

.



it follows by differentiation that

4

eleze_elu-ezv, u<§
of (uv) = 1 Aleze_klu'ezv'klzé, § <u<é+v
Gllze-elu-}‘zv, § +v < u.

By computing a;;(x,y) -.éau‘/av af;(u,v), we can obtain o from
— Yy
the condition Fa(0,0) =1, EF;(x,y) is obtained by subtraction:

oF (z,y) = F(z,y) - afa(x.y).

In order to carry out this program, we begin by computing three
integrals which can be combined to give ufz(x,y). These integrals

again correspond to the regions shown in Figure 1.
Case (2): x = 6.

Let A(x,y) be the integral of af& over the region

{(uv): © <u <8, v>y}. Then
() [
A(x,y) -_/Em./av af;(u,v) - e-ezy[e-elx-e-916]
Yy
Case (12): 6§ s x <y + 6.

Let B(x,y) be the integral of aof over the region

{(upv): 2 <u Sv+86, v2y}. Then

A - - 8, 6,61
Blz,y) = [dv f»du of (uyv) = e NITN20T0Y L % TN,
Yy x



=19

When x =y + g,

S |
B(y+6,y) = e 66 }‘y;
when z = ¢,

8,

-—-e

B(8,y) = e 016-62y =016-dy

Case (7i): =z 2 y + 6,

Let C(x,y) be the integral of Qf5 over the region

{v): usa, y<pey- §}.  Then

® Y=g
C(x,y) -/ du | dv of, (u,0) = e A2y-61x _

& ¥

61
S e

AZ S=Ax
A L
When x =y + ¢,

A2
-Ay-6,6
C(y+8,y) =5 e ¥=91 "

By combining the various integrals, we obtain dizz

Case (2): x < 6.
= -elx-ezy AIZ -916°Ay
aFa(x,y) = A(x,y) + B(6,y) + C(y+s,y) = e - e ‘
Case (i7): 6 S x Sy + 5.
= -Alx—llzﬁ-ezy A12 -616-Ay
of (Z,4) = B(x,y) + Cly+s,y) = e 4 =8 ;

Case (i77): z 2y + 6.

7 =g A2 _
oF (2,y) = B(x,2-8) + C(z,y) = e "2H=01T _ — Az+Ay6
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This completes the derivation of E;.

Note that

iﬁ o (A1+112) 6

o= a'ﬁa(o,O) =1-—

It is now easy to obtain

= = - A2 .
(1-0)F, (x,y) = F(x,y) = oF (2,4) = = e~} max(z,y+8) + 40 |

so that

F (n,p) = e Mlmax(@myr®)=s] )

3.2. The moment generating function.

As in the case of the BVE distribution (§=0), direct
computation of an integral of the form -g”j: G(z,y)dF(x,y) requires
separate consideration of the absolutely continuous and singular parts
of F. However, this can be avoided by choosing a kermel ( such
that G(0,y) = 0 = G(x,0) where G 1is of bounded variation on finite
intervals. It then follows from integration by parts (Young, 1917)

that o o I
/fG(x,y)dF(x,y) -/f F(x,y)dG(x,y) .
6 0 0 0

The kernel G(z,y) = (l-e-sx)(l-e-ty) has the required property and
in addition, the integral /}ﬁkﬂ? is a moment generating function. Thus

we compute (again, take 6§ 2 0)

o

¢(e,t;6) = é{(l-e-sx) (l‘e-ty)dp(x,y;é) = st[ ?(x.y)e-sx'tydxdy
0

by breaking up the integral into three parts.
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§ o
§ o
dr F(z, -8z-ty _ =\ 1Z=dy=A2 (xty) -sx-ty
fo /ody Flaag)e Jée [y e

1 - e-(A1+X12+8)5
- (A1+A12+8)(A2+A12+t) *

00 y"'é - e ©0 y+6 VR v o
fdy[ dz Flz,y)e " 'f dy] dr o= 18-22y=212 (8+y)-sx-ty
0 $ 0 8

e-(A1+X12+8) §
- (A2+A 12+t) (A 1+A2+A 1 2+8+t)

.[ dy dx'f(x,y)e-sx-ty - g[ dy dp e~ ME-A2y=Ajpx-8x-ty
0 y+o6 y+é

e'(A1+X12+8)6
- (A1+A12+8) (A1+A2+)\12+8+t) *

Summing these three integrals yields, for & 2 0,

A
8,t368 1 12 _(Aj+r2+8)6
(3.1) st ()\1+)\12+8)()\2+A12+t) [l ¥ Ats+t & *

Interchange of & and t, A} and X;, 6§ and -§ yields ¢(s,t)/st

for 6 < 0.

To obtain the moments of the BVE(S), we note first that since the

marginal distributions do not depend on §,
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We also have, for 6 20,

Alze-(X1+A12)5

Exy = lim 28,t) | 1

. +
8,tX 8t (A1+A12)(12+A12) (A1+X12)(A2+X12)A 2

Alze-(A1+A12)6

A(X1+A12)(A2+A12)

(3.2) Cov(X,Y) =
and the correlation
A12 e-(l1+X12)6

(3.3) Corr (X,Y) = p(X,Y) = ==

Note that O 5 p(X,Y) <1, and that X and Y are independent

when p(X,Y) = 0.

3.3. Representation in terms of independent random variables.

Theorem 3.2. For 6 20, (X,Y) 4s BVE(A},A2,X;236) if and only
if there exist independent exponential random variables U,,U;,U; and

U, with respective parameters A;,A;,A;3,A;2 such that

X= min(Ul,U3),
[min(Uz,U3-6), if U3 : 6,
Y =

min(Uz,Uq), if U3 < §.

This theorem can be obtained directly from the shock model of §2.3, or

it can be verified formally from the relation
P{x >z, ¥ > y} = Plv, > =, U, > y}[P{us > =, U3 > y + 6|U3 > §}P{U; > 6}
+ P{uy > y}P{Us > 2|U; < 6}P{U; < 8} ).

This characterization may be of some interest for ¢ > 0, even

though the simplicity of the case 6§ = 0 1is lost.
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In case ¢ = 0 the representation X = min(V;,U3), ¥ = min(U3,U3)
immediately yields the f-ct that min(X,Y) = min(U,,U;,U3) 18 exponentially
distributed. However, if (X,Y) 1is BVE(§) and & > 0, then n (X,Y)

is not exponentially distributed, but

P{min(X,Y) > w} = e~ W-Aomin(w, 8)

where A = XA} + A3 + X;5. This distribution is piecewise exponential,

and has a decreasing hazard rate.

4, More general bivariate exponential distributions.

In §2.2 we considered the joint distribution F(x,y;8) of
waiting times X (Y) from &; (82) to the next event in the 2; (2;)
process. As mentioned in the introduction, s; and s8; can be
replaced by random variables (stopping times) S, and S,, so long
as Sy) - S; =48 1s retained as a fixed number. That the resulting
waiting time distribution is unchanged can be seen in a variety of
ways, e.g. by observing that F(x,y;8) depends on s8; and s; only

through §.

If, on the other hand, 6 1s replaced by a random variable A,
then the joint waiting time distribution is a mixture over § of dis-
tributions F(z,y;6) (mixed according to the distribution of 4). Of
course, such a distribution has exponential marginals, because the
marginals of F(x,y;8) are independent of &§. If A = S, - S; has
the right continuous distribution (G and X (Y) is the waiting time
to the next event after S; (S;) in the 2, (Z,) process, then

we obtain from (2.2) that



P{X >x, Y > y} jp -
(4.1) e-Alx-Azy -Alx )\ 2y dG(s8)

_ _ min(x-y,0)+
g Alz(&*'y)a(_y) 41 sz[ eM2835(6)
=Yy

+ e-Alzy[G(O) = G(min(x-y,O))] + e-}‘lzx[G(max(x-y.O)) - 6(0)]

x+
+ e‘)‘lz.’{/‘ )‘IZGdG(G) + e A].Z(m"-y)G( )

max(x-y,0)

An interesting special case of (4.1) is obtained with S; (Sj)
the time of first event in the 2, (Z;) process. These are natural
times to initiate waiting periods, and one might hope that for this
case (4.1) would take a relatively simple form. Unfortunately, this
is not the case. To see this, we note first that (5;,5;) have the
joint distribution F(x,y;0). Thus A = S; - S; has the distribution

G which with 6; = A} + Aj2, 07 = X3 + A2, A = A; + A2 + A}2 1is given by

P{SZ -5 > 5} - /; Ale-ezd-lsldsl = Ale-ezd/}\, § >0,

P{S,-5) < 8} = P{S; - S, > -6} = 221%/2, 6 <0,

P{S; - 5, = 0} = Ayp/A.

It follows from this and from (4.1) that if x (Y) 1is the waiting time
between the first and second events in the 2Z, (Z;) process, then

for & 2 Yy,



AT

=18~

P{X >x, Y > y} - e-xlzy 62(A+X12) )\1)\12

s e—(62+A12)x
e-hx-kzy A G+ 2 8+X2

_ Az2X)2 e_el(y_x) [1 _ e-(61+A12)xj]
81+XA2

5. Multivariate exponential distributions.

The extension of the BVE(S) distribution to higher dimensions
is best understood by reference to the shock model derivation of
§2.3. Suppose that device 71 1is placed in service at time Gi' For
each non-empty subset of the variables, there is a Poisson process

governing shocks to members of the subset.

Let S = {s = (sl,...,sn) Psy = 0 or 1, hut s ¢ (0,...,0)}.
For each 8 ¢ §, let Zs be a Polsson process with parameter Ag
and suppose that an event in this process corresponds to a fatal shock
to component < if and only if 8, = 1. Suppose that the processes
ZS are mutually independent. Let Xi represent the life of the

ith component, and let Ii be the interval ldi’xi + Gi]. Then if

u 1s Lebesgue measure,

-QE%ASU[U{i:si-l}Ii]
(5.1) P{x, » TiyeeesX > xn} = e

One can also write (5.1) expli <tly, giving its form for various
regions defined by inequalities on the Gi and Lo Assuming

§; =0 <8y < < én’ there are 3:5+7 «.. «(2n-1) such regions,
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so this is prohibitive even in three dimensions. (5.1) can also be
written using maxima and minima, but this also is unattractive even in
three dimensions. On the other hand (5.1) in its present form is

both compact and easily evaluated for any given Gi and T
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